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We consider some optimal harvesting policies for a general stochastic Logistic population
model. For two management objectives, that are maximum sustainable yield and the
maximum retained proﬁts, the optimal harvesting policies are obtained. Meanwhile, the
optimal harvest effort, the maximum of expectation of sustainable yield (or retained
proﬁts) and the corresponding variance are given.
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1. Introduction
In the development of human society, how to exploit the renewable resources is always a signiﬁcant problem and
focus. Undoubtedly, one of the most attentive problems is to design the receptive exploitative programs. Mathematicians
often describe these problems using some ordinary differential equations, and provide some mathematical answers and
explanations [1–8]. For example, Clark studied in [1,2] the optimal harvesting policy for the Logistic population model:
x˙(t) = r
(
x− r
K
x
)
, (1)
with catch-per-unit-effort hypothesis
h = Ex.
He gave the optimal harvesting effort
E∗ = r
2
, (2)
and the maximum sustainable yield
Y ∗ = Kr
4
, (3)
corresponding to E∗ . Besides, M. Fan and K. Wang in [3] examined the exploitation of a single population, which is described
by a time dependent Logistic equation with periodic coeﬃcients, and their results generalized Clark’s results. In [4], X. Zhang
et al. analyzed the harvesting Logistic population equation with impulsive effort, and obtained the explicit expression and
global attractiveness of impulsive periodic solutions for constant yield harvest and proportional harvest.
* Corresponding author.
E-mail addresses: wenxue810823@163.com (W. Li), w_k@hotmail.com (K. Wang).0022-247X/$ – see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2010.04.002
W. Li, K. Wang / J. Math. Anal. Appl. 368 (2010) 420–428 421However, it is worth pointing out that noises are ubiquitous in both nature and human society, such as ﬁre, earthquake,
climate warming, ﬁnancial crisis, etc. Then particular attention has been given to the random effects on exploitation for
renewable resources. Hence, stochastic optimal harvesting policy has been a subject of intense study. J.R. Beddington and
R.M. May studied in “Science” [9] the harvesting populations in a randomly ﬂuctuating environment for the ﬁrst time. This
work has been generalized by many scholars (see R. Lande et al. [10], L.H.R. Alvarez [11,12], M.A. Shah and Usha Sharma
[13]). Because of introducing the stochastic factors, the complexity of analysis for optimal harvesting policy increases. Gen-
erally speaking, it is more diﬃcult to obtain the explicit expression of the optimal control for stochastic situation than the
deterministic system [11,13]. In general, this is a formidable task to achieve by the optimal control.
In this paper, we consider the optimal harvesting policy with stochastic effects for a general Logistic population model:
x˙(t) = ax(t) − bxθ+1(t), (4)
where x(t) denotes the density of resource population at time t and θ > 0. It is obvious that when θ = 1, (4) becomes the
classical Logistic model. Some investigations pointed out that for more proﬁtable in terms of biomass for observed data in
real harvesting practice the case θ = 1 should be considered [13].
The main purpose of this paper is to give the optimal harvesting policies for model (4) when both the harvest effort and
the intrinsic growth rate are disturbed by environment noises. We choose the management objective to the maximum sus-
tainable yield and maximum retained proﬁts, and study the optimal harvesting policies for the two objectives. Furthermore,
the optimal harvest effort, the maximum of expectation of sustainable yield (or retained proﬁts) and the corresponding
variance are given. When θ = 1,1/2,1/3, their explicit expressions are determined by the coeﬃcients of the equation and
the disturbance intensity. Hence, our results are much more precise than those previously obtained for this problem, and
the optimal control is easy to achieve.
If θ = 1 and there is only one noise source, then the optimal harvest effort and maximum sustainable yield are the same
as the ones in paper [9]. Moreover, when the noise degenerates to zero, our results coincide with [1,2] and [14]. Compared
with the case without noise, our results show that environment noise is not conducive to the exploitation of renewable
resources, and the more the noise is, the less the optimal harvest effort and the maximum sustainable yield are.
2. Main results
Throughout this section, we suppose that our analysis of the harvesting model described by Eq. (4) is subjected to the
following assumptions:
(1) The noises in both nature and human society are multiplicative and generated by white noise.
(2) The resource population is subjected to exploitation, under the following hypothesis
h = h(E)x,
where h ∈ C1(R+;R+) is a strictly increasing function with h(0) = 0 and E  0 which denotes the harvesting effort.
Thus the equation of the harvested population reads
x˙(t) = ax(t) − bxθ+1(t) − h(E)x(t). (5)
(3) Time horizon is inﬁnite without any discounting factor.
2.1. Analysis of the deterministic model
It is easy to see that Eq. (5) has a non-zero equilibrium solution
x∗ =
(
a − h(E)
b
) 1
θ
,
and the sustainable yield turns out to be
Y = h(E)x∗ = h(E)
(
a − h(E)
b
) 1
θ
.
A little bit of calculations yield the optimal harvesting effort E∗
E∗ = h−1
(
aθ
θ + 1
)
.
The maximum sustainable yield which occurs at E = E∗ is given by
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1
θ
+1θ
b
1
θ (θ + 1) 1θ +1
.
Moreover, we can prove that the maximum sustainable yield Ymax is asymptotically stable in the sense that whenever there
are small perturbations then with passes of time Ymax is restored. In fact, we have
d
dx
(
dx
dt
)∣∣∣∣
x=x∗,h(E)=E∗
= d
dx
(
ax− bxθ+1 − h(E)x)∣∣∣∣
x=x∗,h(E)=E∗
= −aθ
θ + 1 < 0. (6)
Then, the asymptotic stability of Ymax follows from (6).
In [14], Lu and Wang considered the optimal harvesting policies for Eq. (5) for θ = 1/n and h(x) = x, in which the optimal
harvesting effort is
E∗ = a
n + 1 , (7)
and the maximum sustainable yield corresponding to E∗ is
Ymax = a
n+1nn
bn(n + 1)n+1 , (8)
which coincide with out results.
2.2. Analysis of the stochastic model
In general, h(E) is inﬂuenced by some environment noise from artiﬁcial factor, for example, the increasing or the decreas-
ing of purchasing power. Furthermore, coeﬃcient a is often disturbed by unartiﬁcial factor at the same time, for example,
the environment of the resources existing is going better or worse.
In this subsection, we consider that both a and h(E) are perturbed by noises. Then replacing a and h(E) by a+ σ1W˙1(t)
and h(E)+σ2W˙2(t), where W˙1(t) and W˙2(t) are independent of each other, σ1  0 and σ2  0 (but σ 21 +σ 22 = 0) represent
the disturbance intensity. Then Eq. (5) is rewritten as
dx(t) = [(a − h(E))x(t) − bxθ+1(t)]dt + σ1x(t)dW1(t) − σ2x(t)dW2(t)
=m(x(t))dt + σ (x(t))dW (t), (9)
where m(x) = [a − h(E)]x− bxθ+1, σ(x) = (σ1x,−σ2x), W (t) = (W1(t),W2(t))T .
The theory of continuous Markov processes is developed from the point of view of the corresponding Fokker–Planck
equation, which gives the time evolution of the probability density function for the solution of a stochastic differential
equation. There are many techniques associated with the use of Fokker–Planck equation which lead to results more di-
rectly than by use of the corresponding stochastic differential equation [15]. Here, we use the corresponding Fokker–Planck
equation to analyze the probability density function of solution of Eq. (9), which is a continuous Markov process.
Theorem 1. For the general stochastic Logistic equation (9), the optimal harvesting policy that maximizes the sustainable yield, exists
if and only if
E < h−1
(
a − σ
2
1 + σ 22
2
)
. (10)
Moreover, if (10) holds, then the optimal harvesting effort E = E∗s is the unique root of the following equation:
B
(
α − βh(E), 1
θ
)
= h(E)B ′
(
α − βh(E), 1
θ
)
, (11)
where B(·,·) is the Beta function, α = 2a/(θ(σ 21 + σ 22 )) and β = 2/(θ(σ 21 + σ 22 )). Meanwhile, the maximum of expectation of sus-
tainable yield is
Y ∗s =
h(E∗s )(σ 21 + σ 22 )
1
θ (
2a−2h(E∗s )
θ(σ 21 +σ 22 )
)
(2b)
1
θ (
2a−2h(E∗s )
θ(σ 21 +σ 22 )
− 1
θ
)
, (12)
where (·) is the Gamma function. The variance of maximum sustainable yield is
D∗s = Y ∗s
(h(E∗s )(σ 21 + σ 22 ) 1θ ( 2a−2h(E∗s )θ(σ 21 +σ 22 ) + 1θ )
(2b)
1
θ (
2a−2h(E∗s )
θ(σ 21 +σ 22 )
)
− Y ∗s
)
. (13)
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p. 144]):
∂p(x, t, E)
∂t
= − ∂
∂x
(
m(x)p(x, t, E)
)+ 1
2
∂2
∂x2
(
σ 2(x)p(x, t, E)
)
.
Since the drift coeﬃcient m(x) and the diffusion coeﬃcient σ(x) are time independent, the equation satisﬁed by the sta-
tionary distribution [15] is
d
dx
(
m(x)p(x, E)
)− 1
2
d2
dx2
(
σ 2(x)p(x, E)
)= 0.
It is easy to see that the boundary conditions both at 0 and at ∞ are reﬂecting. So the equation has explicit solution:
p(x, E) = N(E)x
2a−2h(E)
σ21 +σ22
−2
e
− 2b
σ21 +σ22
xθ
, (14)
where N(E) is determined by the following integral
+∞∫
0
N(E)x
2a−2h(E)
σ21 +σ22
−2
e
− 2b
σ21 +σ22
xθ
dx = 1. (15)
By the theory of improper integral, if inequality (10) is false, then p(x, E) could be represented by a delta function at x = 0,
and in this case, the density of resource will tend to 0. Else if inequality (10) holds, then
+∞∫
0
N(E)x
2a−2h(E)
σ21 +σ22
−2
e
− 2b
σ21 +σ22
xθ
dx
is convergent, and by (15) we can obtain
N(E) =
( +∞∫
0
x
2a−2h(E)
σ21 +σ22
−2
e
− 2b
σ21 +σ22
xθ
dx
)−1
. (16)
The expectation of sustainable yield is
Ys(E) E
(
Xh(E)
)=
+∞∫
0
h(E)xp(x, E)dx
= h(E)
∫ +∞
0 x
2a−2h(E)
σ21 +σ22
−1
e
− 2b
σ21 +σ22
xθ
dx
∫ +∞
0 x
2a−2h(E)
σ21 +σ22
−2
e
− 2b
σ21 +σ22
xθ
dx
. (17)
Next, we analyze the extreme value of function Ys(E). Clearly, Ys(0) = 0,
lim
E→k−
+∞∫
0
x
2a−2h(E)
σ21 +σ22
−1
e
− 2b
σ21 +σ22
xθ
dx = 1
θ
(
σ 21 + σ 22
2b
) 2a−2h(E)
σ21 +σ22 
(
1
θ
)
,
and
lim
E→k−
+∞∫
0
x
2a−2h(E)
σ21 +σ22
−2
e
− 2b
σ21 +σ22
xθ
dx = +∞,
where k = h−1(a − σ 21 +σ 222 ). Hence
lim
E→k−
Ys(E) = lim
E→k−
h(E)
∫ +∞
0 x
2a−2h(E)
σ21 +σ22
−1
e
− 2b
σ21 +σ22
xθ
dx
∫ +∞
0 x
2a−2h(E)
σ21 +σ22
−2
e
− 2b
σ21 +σ22
xθ
dx
= 0.
So function Ys(E) has extreme value on interval (0,h−1(a − (σ 2 + σ 2)/2)). From (17), we see that1 2
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∫ +∞
0 x
2a−2h(E)
σ21 +σ22
−1
e
− 2b
σ21 +σ22
xθ
dx
∫ +∞
0 x
2a−2h(E)
σ21 +σ22
−2
e
− 2b
σ21 +σ22
xθ
dx
= h(E)(σ
2
1 + σ 22 )
1
θ
∫ +∞
0 y
2a−2h(E)
θ(σ21 +σ22 )
−1
e−y dy
(2b)
1
θ
∫ +∞
0 y
2a−2h(E)
θ(σ21 +σ22 )
− 1
θ
−1
e−y dy
= h(E)(σ
2
1 + σ 22 )
1
θ
(2b)
1
θ
(
2a−2h(E)
θ(σ 21 +σ 22 )
)
(
2a−2h(E)
θ(σ 21 +σ 22 )
− 1
θ
)
= h(E)(σ
2
1 + σ 22 )
1
θ ( 1
θ
)
(2b)
1
θ B(α − βh(E), 1
θ
)
 HF
(
h(E)
)
, (18)
where H = (σ 21 + σ 22 )
1
θ ( 1
θ
)/(2b)
1
θ , F (x) = x/B(α − βx,1/θ) x/b(x). It is easy to see that(
1
F (x)
)′
= xb
′(x) − b(x)
x2
 G(x)
x2
,
and
G ′(x) = xb′′(x) > 0.
Clearly, limx→0 G(x) = −b(0) < 0, and limx→ α
β
G(x) = +∞. So 1/F (x) = 0 has a unique extreme value, and it is the unique
root of the following equation:
xb′(x) − b(x) = 0.
Hence, the optimal harvest effort is the unique root of (11) and the maximum of expectation of sustainable yield is
Y ∗s =
h(E∗s )(σ 21 + σ 22 )
1
θ (
2a−2h(E∗s )
θ(σ 21 +σ 22 )
)
(2b)
1
θ (
2a−2h(E∗s )
θ(σ 21 +σ 22 )
− 1
θ
)
.
Next, we give the variance of maximum sustainable yield:
D∗s = E
(
h
(
E∗s
)
X
)2 − (E(h(E∗s )X))2
=
+∞∫
0
h2
(
E∗s
)
x2p(x)dx−
(
h(E∗s )(σ 21 + σ 22 )
1
θ
(2b)
1
θ
(
2a−2h(E∗s )
θ(σ 21 +σ 22 )
)
(
2a−2h(E∗s )
θ(σ 21 +σ 22 )
− 1
θ
)
)2
= h
2(E∗s )
∫ +∞
0 x
2a−2h(E∗s )
σ21 +σ22 e
− 2b
σ21 +σ22
xθ
dx
∫ +∞
0 x
2a−2h(E∗s )
σ21 +σ22
−2
e
− 2b
σ21 +σ22
xθ
dx
−
(
h(E∗s )(σ 21 + σ 22 )
1
θ
(2b)
1
θ
(
2a−2h(E∗s )
θ(σ 21 +σ 22 )
)
(
2a−2h(E∗s )
θ(σ 21 +σ 22 )
− 1
θ
)
)2
=
h2(E∗s )(σ 21 + σ 22 )
2
θ (
2a−2h(E∗s )
θ(σ 21 +σ 22 )
+ 1
θ
)
(2b)
2
θ (
2a−2h(E∗s )
θ(σ 21 +σ 22 )
− 1
θ
)
−
(
h(E∗s )(σ 21 + σ 22 )
1
θ
(2b)
1
θ
(
2a−2h(E∗s )
θ(σ 21 +σ 22 )
)
(
2a−2h(E∗s )
θ(σ 21 +σ 22 )
− 1
θ
)
)2
= Y ∗s
(
h(E∗s )(σ 21 + σ 22 )
1
θ
(2b)
1
θ
(
2a−2h(E∗s )
θ(σ 21 +σ 22 )
)
(
2a−2h(E∗s )
θ(σ 21 +σ 22 )
− 1
θ
)
)
. (19)
The proof is complete. 
Corollary 2. Let θ = 1/n, then for general stochastic Logistic equation (9), the optimal harvesting policy, that maximizes sustainable
yield, exists if and only if
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(
a − σ
2
1 + σ 22
2
)
. (20)
Moreover, if (20) holds, then the unique optimal harvesting effort is
E∗s = min
{
E∗: h′(E)
n∑
i=0
∏n
j=0(h(E) − c j)
h(E) − ci
∣∣∣∣
E=E∗
= 0
}
, (21)
where c0 = 0, ci = a − i(σ 21 + σ 22 )/2n, i = 1, . . . ,n. The maximum of expectation of sustainable yield reads
Y ∗s =
(
−n
b
)n n∏
i=0
(
h
(
E∗s
)− ci), (22)
and the variance of maximum sustainable yield is
D∗s = Y ∗s
(
h(E∗s )(σ 21 + σ 22 )n
(2b)n
n−1∏
i=0
(
n(2a − 2h(E∗s ))
σ 21 + σ 22
+ i
)
− Y ∗s
)
. (23)
Proof. In this case, from (18) we have
Ys(E) = h(E)(σ
2
1 + σ 22 )n
(2b)n
(
n(2a−2h(E))
(σ 21 +σ 22 )
)
(
n(2a−2h(E))
(σ 21 +σ 22 )
− n)
= h(E)(σ
2
1 + σ 22 )n
(2b)n
(
n(2a−2h(E))
(σ 21 +σ 22 )
)
(
n(2a−2h(E))
(σ 21 +σ 22 )
− 1) × · · · ×
(
n(2a−2h(E))
(σ 21 +σ 22 )
− (n − 1))
(
n(2a−2h(E))
(σ 21 +σ 22 )
− n)
= h(E)(σ
2
1 + σ 22 )n
(2b)n
(
n(2a − 2h(E))
σ 21 + σ 22
− 1
)
× · · · ×
(
n(2a − 2h(E))
σ 21 + σ 22
− n
)
. (24)
It is easy to see that
dYs(E)
dE
=
(
−n
b
)n
h′(E)
n∑
i=0
∏n
j=0(h(E) − c j)
h(E) − ci = 0,
if and only if
E ∈
{
E∗: h′(E)
n∑
i=0
∏n
j=0(h(E) − c j)
h(E) − ci
∣∣∣∣
E=E∗
= 0
}
.
So the unique optimal harvesting effort is
E∗s = min
{
E∗: h′(E)
n∑
i=0
∏n
j=0(h(E) − c j)
h(E) − ci
∣∣∣∣
E=E∗
= 0
}
.
The maximum of expectation of sustainable yield is
Y ∗s =
h(E∗s )(σ 21 + σ 22 )n
(2b)n
(
n(2a − 2h(E∗s ))
σ 21 + σ 22
− 1
)
× · · · ×
(
n(2a − 2h(E∗s ))
σ 21 + σ 22
− n
)
=
(
−n
b
)n n∏
i=0
(
h
(
E∗s
)− ci).
The proof is complete. 
Remark 3. Let h(x) = x and θ = 1/2, then from (21), we obtain that
E∗s
(
1
,M2
)
= 2a − M
2
−
√
16a2 − 12aM2 + 3M4
,
2 3 4 12
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Fig. 2. The diagram of E∗s (1/3,M2) when a = 120.
where M2 = σ 21 + σ 22 . Hence, E∗s (1/2, ·) is a decreasing function (see Fig. 1) and E∗s (1/2,0) = a/3, which is the same as the
results in (7). If θ = 1/3, then a little bit of calculations yield
E∗s
(
1
3
,M2
)
= 3 23 f −
1
3
1
(
a,M2
)(−27a2 + 18aM2 − 5M4)− 3 13 f 131 (a,M2)+ 3a4 − M
2
4
,
where
f1
(
a,M2
)=√3M4(−8748a4 + 11664a3M2 − 5913a2M4 + 1350aM6 − 125M8)
+ 27a(9a2 − 9aM2 + 2M4),
and M2 = σ 21 + σ 22 . Hence, E∗s (1/3, ·) is decreasing (see Fig. 2) and E∗s (1/3,0) = a/4, which also is the same as the results
obtained in (7).
For θ = 1 Eq. (4) reads as the classical Logistic equation, for which we have very precise results.
Corollary 4. Let θ = 1, then for stochastic Logistic equation (9), the optimal harvesting policy, that maximizes the sustainable yield,
exists if and only if
E < h−1
(
a − σ
2
1 + σ 22
2
)
. (25)
Moreover, if (25) holds, then the unique optimal harvesting effort is
E∗s = h−1
(
a
2
− σ
2
1 + σ 22
4
)
, (26)
the corresponding maximum of expectation of sustainable yield reads
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1
4b
(
a − σ
2
1 + σ 22
2
)2
, (27)
and the corresponding variance of maximum sustainable yield is
D∗s =
σ 21 + σ 22
16b2
(
a − σ
2
1 + σ 22
2
)3
. (28)
Proof. From (18), we can see that
Ys(E) =
h(E)(σ 21 + σ 22 )( 2a−2h(E)σ 21 +σ 22 )
2b( 2a−2h(E)
σ 21 +σ 22
− 1)
= h(E)(σ
2
1 + σ 22 )
2b
(
2a − 2h(E)
σ 21 + σ 22
− 1
)
. (29)
Hence, function Ys(E) has unique extreme value, that the optimal harvest effort E∗s = h−1(a/2 − (σ 21 + σ 22 )/4). Then the
maximum of expectation of sustainable yield is Y ∗s = (a − (σ 21 + σ 22 )/2)2/4b and the corresponding variance of maximum
sustainable yield is D∗s = (σ 21 + σ 22 )(a − (σ 21 + σ 22 )/2)3/16b2. 
Remark 5. If h(x) = x and σ2 = 0, then Corollary 4 gives
E∗s =
a
2
− σ
2
1
4
and Y ∗s =
1
4b
(
a − σ
2
1
2
)2
,
which are the same as the results obtained in [9]. In addition, if σ1 = σ2 = 0, then
E∗s =
a
2
and Y ∗s =
a2
4b
,
which coincide with the results in [1,2] for autonomous harvested system. Hence, Theorem 1 generalizes Clark’s and J.R. Bed-
dington’s classical results.
Remark 6. Corollaries 2 and 4 show that environment noise is not conducive to the exploitation of renewable resources. By
condition (20), it is not diﬃcult to see that the maximum sustainable yield does not exist if σ 21 + σ 22  2a. Equalities (22)
and (27) mean that the more the noise is, the less the maximum sustainable yield is.
2.3. Analysis of the stochastic model with economic factors
In fact, the inclusion of economic factors in population models of renewable resources is increasing. And establishing
both biologically and economically reasonable harvesting policies is one of the most important problems in modern society.
Usually the maximum proﬁt with the minimum effort is desired. Hence, in the rest of the section, for the stochastic single
population model we consider the optimal harvesting policies including economic factors.
Assume the price of unit renewable resources is p > 0, and the cost per unit harvest effort is q > 0. We choose the
maximum retained proﬁts as a management objective, that is
Y
(
E∗s
)= max
E∈(0,k)
Y (E) = max
E∈(0,k)
{
Y (E)p − qh(E)}. (30)
Theorem 7. If condition (10) holds, then there exists a unique optimal harvesting effort
E∗s = min
{
E∗:
d
dE
(
h(E)
[ p( 2a−2h(E)
θ(σ 21 +σ 22 )
)
(
2a−2h(E)
θ(σ 21 +σ 22 )
− 1
θ
)
− q
])∣∣∣∣
E=E∗
= 0
}
,
which is the unique solution of (30). The corresponding maximum of expectation of retained proﬁts is
Y
(
E∗s
)= h(E∗s )
(
σ 21 + σ 22
2b
) 1
θ
( p( 2a−2h(E∗s )
θ(σ 21 +σ 22 )
)
(
2a−2h(E∗s )
θ(σ 21 +σ 22 )
− 1
θ
)
− q
)
,
and the corresponding variance of maximum retained proﬁts is
428 W. Li, K. Wang / J. Math. Anal. Appl. 368 (2010) 420–428D
(
E∗s
)= p2Y ∗s
(h(E∗s )(σ 21 + σ 22 ) 1θ ( 2a−2h(E∗s )θ(σ 21 +σ 22 ) + 1θ )
(2b)
1
θ (
2a−2h(E∗s )
θ(σ 21 +σ 22 )
)
− Y ∗s
)
.
The proof is quite similar to the proof of Corollary 2. We omit it.
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